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New crack elements are proposed for fracture mechanics analysis of 
two- and three-dimensional elastostatics by the boundary element 
method (BEM). In the proposed crack elements, arbitrary singularities 
of the stress or the traction near the crack front can be taken into 
account, and the behavior of displacements near the crack front can 
be simulated in a reasonable manner. Three different kinds of inter- 
polation functions are used for modeling the boundary element 
geometry and the traction and displacement variations near the crack 
front, so the nodal points of the crack element are located at their 
regular positions. An attempt is made to apply the proposed crack ele- 
ments to the stress-intensity-factor computation of some typical 
surface-crack problems. Some interesting features inherent to the 
surface-crack problem are revealed through comparison of the results 
obtained with other solutions Available in the literature. 
Keywords : boundary element analysis, stress singularity, surface 
crack, crack element, three-dimensional elastostatics 
Introduction 
The stress intensity factor of a cracked elastic body is 
one of the most important parameters for assessing its 
fracture mechanics strength. There have been many 
investigations of two-dimensional crack problems 
subject to a wide variety of boundary conditions. In 
practical applications, however, the crack has a three- 
dimensional form, and its two-dimensional idealization 
fails in most cases to be a good approximation. In par- 
ticular, the surface-crack problem is such a case, 
because the stress singularities and the behavior of dis- 
placements near the surface points at which the crack 
front intersects the free surfaces depend, in general, on 
the form of the cracked surface and on the elastic 
moduli. There are still obstacles to be removed in order 
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to obtain an accurate numerical computation of the 
stress intensity factors in surface-crack problems. 
Finite element methods have been widely applied to 
the stress-intensity-factor computation of cracked 
bodies, and a large amount of useful knowledge has 
been accumulated for a rational design based on frac- 
ture mechanics. In the last decades, however, boundary 
element methods have been successfully applied to such 
computations.lP4 The authors’ previous paper’ has 
been concerned with a new crack element considering 
the so called square-root stress singularity for fracture 
mechanics analysis of three-dimensional elastostatics by 
the boundary element method. In principle, this crack 
element can be valid only for the buried-crack problem. 
In this paper a new family of crack elements is 
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where a and b are constants, and I and y are coefficients 
that depend on the angle tl and Poisson’s ratio v. Taka- 
kuda has obtained the values of 1 and y under various 
conditions. In this study we use his results for deriving a 
new family of crack elements. 
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figure 7 Stresses near crack front 
derived in a sophisticated manner so that arbitrary sin- 
gularities of the stress near the crack front can be rea- 
sonably simulated. Three different kinds of the 
interpolation functions are used for modelling the 
boundary element geometry and the traction and dis- 
placement variations, so the nodal points of the pro- 
posed crack element are located at their regular 
positions. Application is made to the stress-intensity- 
factor computation of some typical surface-crack prob- 
lems. Interesting features are revealed through 
comparison between our results and solutions available 
in the literature. 
Crack elements 
The local Cartesian coordinate system is introduced to 
express the stress and displacement components near 
the crack front, as shown in Figure 1. Suppose that a 
single crack is included in an infinite elastic body. The 
displacements and the tractions or stresses near the 
crack front can be expressed as polynomials of r and 
0.6,7 On the planes 0 = 0 and 8 = If:n, the main com- 
ponents of the displacement ui and the traction ti (i = 1, 
2, 3) can be given for mode I, for example, by 
ui = alir lP + azi r + a3i r3/’ + . . . 
ti = bli r-l/’ + bzir’12 + b3ir3/2 + . . . 
(8;B;;; (1) 
where {tr t, t3} = -{z12 022 z,,}, and a,, and bki 
are constants. In equation (1) the traction or the stress 
has the square-root singularity, and the displacement is 
subject to square-root behavior as r approaches zero. 
However, in small regions, for example, where the crack 
front intersects the free surface or the crack surface is 
folded or bent, equation (1) could not be a good 
approximation.’ Recently, Takakuda’ has showed ana- 
lytically that as I + 0 in the notation of Figure 2 typical 
components of the displacement and the traction for 
mode I would have the properties 
u2 = ai-* t, = brpY (2) 
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Two-dimensional crack element 
First, we discuss our crack element for two-dimensional 
problems. We assume that the element geometry xi, the 
displacement ui, and the traction ti can be interpolated 
by using the nodal values in such a way that 
xi = ui = 
j=l j=l 
ti = f d:ltNij 
j=l 
where 4 denotes the so-called shape function, and 4” 
and 4’ are the interpolation functions for the displace- 
ment and the traction, respectively. 
Figure 3 shows the coordinates used for the two- 
dimensional crack element with n nodal points. Suppose 
that the global coordinate x is related to the non- 
. x2 
t 
Free Surface Point 
\ 
Crack ‘Front ’ Xl 
Figure 2 Notation at surface point 
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Figure 3 Coordinates of two-dimensional element 
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dimensional coordinate 5 by 
(4) 
where ZI is the coordinate of the crack tip. Then the 
distance from the crack tip, denoted by r, is related to 5 
by 
r = (l/2)(1 + 5) (5) 
Note that r is proportional to 1 + 5. This fact guar- 
antees that equally spaced nodal points in the global 
coordinate x are mapped into equally spaced nodal 
points in the nondimensional coordinate 5. 
The shape functions in equation (3) can be obtained 
from a Lagrangian family of the interpolation functions 
and expressed aslo 
The interpolation functions for the displacement, which 
show the expected behavior as in equation (2), are 
(7) 
i=l Cj - bi 
(i#i) 
where (5 + 1)” = 2”-‘(1 + <*). We derive the inter- 
polation functions for the traction by dividing the func- 
tions in equation (7) by the factor (1 + 5)‘: 
#l(4) = (1 + 5)-‘dJl(5) 
4:X0 = C1 + tj)'(l + 5) 
By using equations (7) and 
displacement and traction 
element as follows: 
y4Jit) forjf 1 
(8) 
(8), we can interpolate the 
components in the crack 
i. c ,A”- IV. nr 
,, ,. (9) 
Ui=Cli+C,ir +...+ 
ti = dlir-Y + d,g-Y+l + . . . + dnir-Y+‘nplJ 
where cki and dki are constants. 
Three-dimensional crack element 
The idea for the two-dimensional crack element in the 
previous section will be extended to derive the three- 
dimensional crack element. We shall consider a general 
element with n nodal points as shown in Figure 4, 
where n is a multiple of the number 4. The edge l-2 
coincides with the crack front, from which the distance r 
is measured. We assume that the global coordinates Xi, 
the displacement ui, and the traction ti can be inter- 
polated in the following manner: 
(10) 
The shape functions C#J~ and the interpolation func- 
tions c#$ for the displacement and 4f for the traction can 
be obtained again from a Lagrangian family and 
figure 4 Three-dimensional crack element 
expressed as follows: 
4Xt1, 52) = it1 + 51j51X1 + 52j52) 
- f5 t (1 + 5li 51jK1 + 52i (2jMi 
I 
for j = 1, 2, 3, 4 
onedgel-2 j=5,9,...,n-3 
onedge j=7,11,...,n-1 f 
4,4zlY 52) = l+ y ifik ;zjry 
21 
(i+j) 
onedge2-3 j=6, lO,...,n-2 I 
onedge4-1 j=S, 12,...,n I 
for j = 1, 2, 3, 4 
@(F:, {;) = l + ;:j 5T ,fik ;I, 1;. 
(i#j) ” ” 
(12) 
onedge l-2 j=5,9,...,n-3 
onedge j=7,11,...,n-1 
I 
onedge2-3 j=6,10,...,n-2 I 
onedge j=8,12,...,n ’ 
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Figure 5 Crack element applied to surface points 
#tlY 52) = (1 + 4JY4,151> 52) 
on side l-2 j = 1, 5, 9, . . . , II - 3, 2 
I 
4:tSl~ 52) = t1 + 52jlyt1 + 42)-Y+_r~51~ 52) 1 (13) 
onedge2-3 j=6, lO,...,n-2 
on edge 3-4 j = 3, 7, 11, . . . , n - 1, 4 
on edge 4-l j = 8, 12, . . . , n 
In the above equations k and h denote the first and the 
last nodal points included in the edge under consider- 
ation, except for nodes 1, 2, 3, and 4. 
One can easily show that by using the interpolation 
functions in equations (12) and (13) the displacement 
and traction components in the crack element are 
expressible in the following form : 
I 
Ui=Cli+C,,r +“‘+cmir 
(m- l)A. 
ti = dlir-Y + d2ir-Y+’ + . . . + d,, r-Y+(m+l) 
(14) 
where cki and d,, are again constants, and m denotes the 
number of nodal points along one edge of the element. 
For the region including the surface point where the 
crack front intersects the free surface of the cracked 
body under consideration, we may employ the triangu- 
lar crack element shown in Figure 5. We can easily 
obtain it from the crack element of Figure 4, if we 
assume the following relations: 
xii = xgi = . . . = x(,_3)i = x2i 
Uli = ugi = . . = u(n-3i) = Uli (15) 
tli = tsi = . . . = ten-ski = tzi 
In this case the r-direction coincides with the 
(,-direction as shown in Figure 5, and the element can 
show the same singularity and the same behavior for 
the traction and displacement components, respectively, 
as those of the quadrilateral crack element of Figure 4. 
Numerical results and discussion 
A few surface-crack problems are computed by incorpo- 
rating the present crack element into the boundary 
element computer program developed previously by the 
authors.5 Small regions including the crack front and 
the surface points at which the crack front intersects the 
free surface are discretized into the crack elements, and 
the other boundary portion is subdivided into a series 
of regular g-node isoparametric quadrilateral elements. 
In all the computations Poisson’s ratio is assumed to be 
v = 0.3. 
In Figure 6 the arrow indicates the r-direction in the 
crack elements near the surface point. The exponents 1 
and y used are summarized in Table 1. These values 
correspond to those obtained by Benthem’ and Taka- 
kuda.’ 
The stress intensity factors are calculated from the 
boundary element analysis by the following relations : 
u2 = g (A,rl” - A, r312 + A, r512 - A, r712) 
t, = A,r-Ii2 + 3A,r”’ + 5A,r312 + 7A,r5j2 
(16) 
where G is the shear modulus and K = 3 - 4v. The 
nodal values obtained for the elements c in Figure 6 are 
substituted into equation (16), and the coefficient A, = 
K,/$G is fi na y 11 calculated for the crack-opening 
Figure 6 Element subdivision at surface point 
Tab/e 7 Values of 1 and y used for elements in Figure 6 
Element I V 
z 0.5477 0.4523 
z 0.5 0.5 
Figure 7 Notation used for elliptical surface crack 
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mode. Similar procedures are applicable to the other I 
cracking modes. ,0.5 - SINGULARITY 
First, we analyze the semielliptical surface crack ---_- r -I 
embodied in a rectangular parallelepiped. Figure 7 illus- 
- SINGULARITY 
trates the notation used for the cross section, including 
the cracked plane. The aspect ratio a/c denotes the ellip- 
ticity of the crack shape, and the case a/c = 1 corre- 
sponds to a semicircular surface crack. i 
a/c= 1.0 
2 1.2 
a/t =0.2 
For comparison with other available solutions we b" 
first analyze the semicircular surface crack when the 
parallelepiped is subjected to uniform tension at its y 1.1 
Figure 8 Boundary element discretization 
I 
1.3 ----PRESENT SOLUTION (80) 
-.--PRESENT SOLUTION(55) 
-RAJU-NEWMAN, COARSE MESH 
---- RAJU-NEWMAN, FINE MESH 
0 0.5 1.0 
2eh 
Figure 9 Comparison between results on circular surface crack 
Figure 10 Comparison between results obtained for two cases of 
singularity 
ends. We also assume that the cracked plane is perpen- 
dicular to the axis of the parallelepiped. Because of sym- 
metry a quarter portion is discretized into crack 
elements and boundary elements, as shown in Figure 8. 
Two mesh patterns of 80 elements and 55 elements in 
totality for the quarter portion are used. In Figure 9 the 
results obtained are compared with the finite element 
solutions by Raju and Newmani using coarse and fine 
finite element meshes. Near the surface point the present 
solution shows a similar variation to the fine-mesh solu- 
tion of Raju and Newman.” 
The values of K, near the free-surface point are calcu- 
lated for various points besides the nodes of the crack 
elements. The interpolation functions of the crack 
element are used to obtain the displacement and trac- 
tion components in equation (16). The same procedure 
will be applied to the following numerical examples. 
Triangles, squares, and circles, shown in the figures as 
the BEM solution, denote the computed values at the 
nodal points of the crack and boundary elements. 
Moreover, since some discontinuous jumps arise 
between the crack elements b and c in Figure 6, the K, 
values are calculated only for the element c. 
In Figure 10 a comparison is made between the com- 
putational results obtained for the two cases of the 
square-root singularity and the general 2-y singularity 
proposed in this study. For both cases the SO-element 
mesh division is used in the boundary element compu- 
tation. 
Next, we analyze two cases of the semielliptical 
surface crack. In one example the aspect ratios are 
assumed such that a/c = 0.6, a/t = 0.2, and bJt = 1.5, in 
the other example a/c = 1.67, aJt = 0.2, and b/t = 1.5. 
The element discretization of the cracked surface in the 
former case is illustrated in Figure 11, where a total of 
84 elements is used for a quarter portion of the parallel- 
epiped. In Figure 12 the results obtained are compared 
with the Raju-Newman finite element solution using a 
coarse meshi and the Kisu-Yuuki-Kitagawa bound- 
ary element solution.4 A larger discrepancy between 
three solutions can be recognized, particularly near the 
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CRACK FRONT 
Figure 7 7 Element subdivision of cracked surface 
- PRESENT SOLUTION 
--I)- KISU ET AL. 
---- RAJU-NEWMAN 
0.8 
0 0.5 1.0 
2eh 
Figure 12 Comparison between results on shallow elliptical crack 
surface point. Note that Q in the figure is defined as 
follows: 
Q = L-JWI~ E(P) = ‘1 ,/m dp 
‘, 
p2 = 1 - (u/c)2 (a < c) (17) 
p2 = 1 - (C/& (a ’ 4 
Figure 13 shows the results obtained for a deep semi- 
elliptical surface crack. The stress intensity factor of this 
case becomes larger and fluctuates much near the 
surface point. A refinement of the boundary element 
subdivision confirms the same tendency. 
Concluding remarks 
We have proposed a new family of crack elements for 
boundary element analysis of fully three-dimensional 
elastostatic problems. The proposed crack element can 
Tanaka and H. ltoh 
1.2 
0.8 
I 
+PRESENT SOLUTIOF 
I 
0 0.5 
2eh 
Figure 13 Results obtained for deep elliptical crack 
1.0 
take into account arbitrary properties of the stress and 
the displacement near the crack front, which is most 
important for fracture mechanics analysis of the surface- 
crack problem. The potential usefulness of the proposed 
method is demonstrated through the numerical compu- 
tation of a few surface-crack problems. It is also 
revealed that the value of the stress intensity factor 
varies much near the surface point at which the crack 
front intersects the free surface. 
This paper was concerned only with a few surface- 
crack problems, in which the crack-opening fracture 
mode is dominant. Since the proposed method is not 
restricted to such cases, further application to more 
complicated crack geometries is recommended for 
future research work. 
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